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Taking a model with equal means in each cluster, the log-likelihood for clustering multivari-
ate normal distributions is calculated. The result has terms to penalise poor fits and model
complexity, and determines both the number and composition of clusters. The procedure is
equivalent to exactly calculating the Bayesian Information Criterion (BIC), and can produce
similar, but less subjective results as the ad-hoc “elbow criterion”. An intended application
is clustering of fitted models, whose maximum likelihood estimates (MLEs) are normally
distributed. Fitted models are often more familiar and interpretable than directly clustered
data, can build-in prior knowledge, adjust for known confounders, and can use marginalisa-
tion to emphasise parameters of interest. That overall approach is equivalent to a multi-layer
clustering algorithm that characterises features through the normally distributed MLE pa-
rameters of a fitted model, and then clusters the normal distributions. Alternatively, the
results can be applied directly to the means and covariances of (possibly labelled) data.
1 Introduction
Despite some interest in clustering of normally distributed data [1], most studies focus on models
for clustering such as mixture models or classification-tree based methods [2, 3], and few consider
the (usually unknown) distribution of the underlying data. More recently the distribution of data
has been considered through clustering non-normal distributions or assuming distributions with
outliers (for example see Refs [4–9]). However, multivariate normal distributions commonly arise,
in particular describing the distribution of maximum likelihood estimates (MLEs) of parameterised
models. As discussed below, there are many advantages to fitting a parameterised model to data
and clustering the fitted parameters - the original intended application of this work.
Section 2 outlines the advantages of fitting a parameterised model prior to clustering, an
approach that presently is rarely used [10–12]. Section 3 will describe a simple model for clus-
tering multivariate normal distributions. It assumes that clusters have items with the same mean,
and that the likelihood is determined by the independent likelihood of membership of each in-
dividual cluster. No assumption is made for the distribution of clusters. The exactly calculated
log-likelihood is equivalent to an exact calculation of the Bayesian Information Criterion (BIC)
[2, 13–15]. It includes a weighted sum of squares term that penalises poor fits, and a term to
capture model complexity that has similarities to the equivalent model-complexity terms in AIC
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[2, 16] and BIC [2, 13–15]. For recent progress on approximate calculations of BIC and a review
of related literature, see [17]. Section 5 generalises the calculation in Sections 3 and 4 with a flat
prior, to a normally distributed prior with zero-mean but arbitrary covariance. Section 6 considers
some important limits. Section 7 provides numerical examples. Section 8 discusses the results and
highlights topics for future work.
2 Clustering of parametric models
Most parametric models use maximum likelihood estimates (MLEs) to obtain normally distributed
estimates of their parameters, specified by a mean µ and a covariance matrix Σ [2]. This suggests
an alternative to directly clustering labelled data, that involves firstly fitting a model to capture
relevant information, and then clustering the normally distributed estimates. For example, we
could fit a survival model for the presence of disease as a function of known risk-factors and
confounders associated with disease risk, and then cluster the normally distributed estimates for
risk-factor associations. There are several advantages to this approach:
1. The distribution of underlying data can be unknown, but under reasonable regularity condi-
tions, MLE estimates are normally distributed [2, 18].
2. Estimates can be stratified and multiply-adjusted for known confounders, helping to extract
the information of interest from potentially noisy data [2, 19].
3. The fitted models can be more interpretable and familiar to the scientific community. For
example, proportional hazards models are commonly used by medical researchers.
4. Marginalisation [2, 3] can be used to cluster by parameter subsets of greater interest, e.g.
risk factors as opposed to confounders, or minimum versus maximum quantiles.
5. By fitting a model, we can build-in prior knowledge through the model.
These benefits are becoming recognised [10–12], with a similar approach being used to detect
changes in gene expression by clustering Fourier series coefficients [10, 11]. Clustering parame-
ters of linear-models such as a Fourier series, are examples of clustering the normally-distributed
MLE estimates of parameterised models. Here we consider the general problem of clustering
multivariate normals, to determine both the number and membership of clusters.
3 Clustering multivariate normal distributions
The derivation below is equivalent to an exact calculation of the Bayesian information criterion for
the model, where the normally distributed MLEs for the mean and covariance {(µˆi, Σˆi)} are the
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data, and the model will be the proposed clusters with an equal mean within each cluster. We are
interested in the likelihood of a specific partition with clusters labeled by f(i). The model assumes,
µˆi ∼ N
(
µf(i), Σˆi
)
(1)
with µf(i) = µf(j) iff f(i) = f(j). Writing xi = µˆi, Γi = Σˆ−1i , x = {xi}, Γ = {Γi}, and using
Bayes theorem [2, 3], the probability of a specific partition G = {Gg} with means µ = {µg} and
g = 1..m, is,
P (G|x,Γ) ∝ P (x|G,Γ)P (G|Γ)
=
∫∞
−∞ dµ1...
∫∞
−∞ dµmP (x, µ|G,Γ)P (G|Γ)
=
∫∞
−∞ dµ1...
∫∞
−∞ dµmP (x|µ,G,Γ)P (µ|G,Γ)P (G|Γ)
(2)
For independent normally distributed xi with covariance Γ−1i , from cluster g with mean µg,
P (x|µ,G,Γ) = Πmg=1Πi∈GgP (xi|µg,Γi) (3)
with,
P (xi|µg,Γi) = 1√
(2pi)p|Γ−1i |
exp
(
−1
2
(xi − µg)TΓi(xi − µg)
)
(4)
Assuming a model with P (µ|G,Γ) = Πmg=1P (µg) and P (G|Γ) = P (G), then using Eqs. 2-4 and
factorising terms,
P (G|x,Γ) ∝ P (G)
(
Πmg=1Πi∈Gg
1√
(2pi)p|Γ−1i |
)
×
Πmg=1
∫∞
−∞ dµgP (µg) exp
(
−1
2
∑
i∈Gg(xi − µg)TΓi(xi − µg)
) (5)
In principle, the choice of P (G) depends on the application. There could be applications
where P (G) should be proportional to the number of partitions with m clusters and ng members
in each cluster (the Stirling number of the 2nd kind). This would be analogous to the binomial
distribution, where only the total numbers in each of two possible clusters are known. However,
the members are all identifiable, similarly to a Bernoulli distribution. Here P (G) is regarded as
constant, but the number of partitions may need to be considered by MCMC schemes to generate
correctly distributed samples, or in physical applications where noise influences cluster formation.
4 Evaluating the likelihood - a uniform prior
The (prior) distribution P (µg) will usually be unknown. The following Section 5 shows how a
normal distribution for P (µg) with µg ∼ N(0,Γ−10 ), can be incorporated into the analysis. Section
6 shows that a “uniform prior” cannot in general be regarded as a limiting case of the normal prior
N(0,Γ−10 ), for the example with Γ0 = I/σ2 where I is the identity matrix, in the limit where
σ2 →∞. Here for simplicity of presentation, we firstly consider a uniform prior.
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To integrate over µ write Γi = Σ−1i and note that Σi and their inverses Γi are symmetric, and
use this to write, ∑
i(xi − µ)TΓi(xi − µ)
=
(
µ− (∑i Γi)−1∑i Γixi)T (∑i Γi) (µ− (∑i Γi)−1∑i Γixi)
+
∑
i x
T
i Γixi −
(∑
i x
T
i Γi
)
(
∑
i Γi)
−1 (
∑
i Γixi)
(6)
The terms involving µ in 6 will factorise in Eq. 5, and lead to Gaussian integrals that integrate to
give functions of {Γi} that are independent of {xi}. The remaining terms will be,∑
i x
T
i Γixi −
(∑
i x
T
i Γi
)
(
∑
k Γk)
−1 (∑
j Γjxj
)
=
∑
i,j x
T
i Γi (
∑
k Γk)
−1 Γjxi −∑i,j xTi Γi (∑k Γk)−1 Γjxj (7)
Because Σi and their inverses Γi are symmetric, then Cij = Γi (
∑
k Γk)
−1 Γj has Cij = CTji, as
can be seen by taking the transpose of Cij . Using Cij = CTji, a
T b = bTa for vectors a and b, and
relabeling the indices i and j,
1
2
∑
i,j(xi − xj)TCij(xi − xj)
= 1
2
∑
i,j x
T
i Cijxi +
1
2
∑
i,j x
T
j Cijxj − 12
∑
i,j x
T
i Cijxj − 12
∑
i,j x
T
j Cijxi
=
∑
i,j x
T
i Cijxi − 12
∑
i,j x
T
i Cijxj − 12
∑
i,j x
T
j C
T
jixi
=
∑
i,j x
T
i Cijxi − xTi Cijxj
(8)
Hence using Eqs. 7 and 8 we have,
∑
i x
T
i Γixi −
(∑
i x
T
i Γi
)
(
∑
k Γk)
−1 (∑
j Γjxj
)
= 1
2
∑
i,j(xi − xj)TΓi (
∑
k Γk)
−1 Γj(xi − xj)
(9)
where the sums over i, j, and k will range over elements in cluster g.
Eq. 9 is an intuitively reasonable result, that after marginalisation with respect to the means
µg, the likelihood will be determined from differences in the estimated means within each cluster
with an inverse covariance matrix Γi(
∑
k∈Gg Γk)
−1Γj , that is weighted by the inverse covariances
of xi and xj , and the inverse of the average-inverse-covariance of their cluster. Note that the
extra factor of 1/2 prevents double counting in the sum over i and j, with (1/2)
∑
i,j F (i, j) =∑
i
∑
j≥i F (i, j) for any F (i, j) with F (i, i) = 0 and is symmetric with respect to exchange of i
and j, so that the sum involves exactly one term for every unique combination of i and j in cluster
g. Using Eqs. 6 and 9, and integrating over µg gives,∫∞
−∞ dµg exp
(
−1
2
∑
i∈Gg(xi − µg)TΓi(xi − µg)
)
=
∣∣∣∣2pi (∑k∈Gg Γk)−1∣∣∣∣1/2×
exp
(
−1
4
∑
i,j∈Gg(xi − xj)TΓi
(∑
k∈Gg Γk
)−1
Γj(xi − xj)
) (10)
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Using Eq. 5 and 10, the log-likelihood has,
log (P (G|x,Γ)) + C = −1
2
∑
i log
∣∣∣2piΓ−1i ∣∣∣
+1
2
∑m
g=1 log
∣∣∣∣2pi (∑k∈Gg Γk)−1∣∣∣∣
−1
4
∑m
g=1
∑
i,j∈Gg(xi − xj)TΓi
(∑
k∈Gg Γk
)−1
Γj(xi − xj)
(11)
where C is a constant that ensures correct normalisation of the probability distribution.
The first term on the right side of Eq. 11 is independent of the clustering model, the final
term involves a sum of squares that measures the goodness of fit of the data to the model, and
the middle term captures the model’s complexity. For µ with dimension p, the determinants in the
middle term can be considered as a product of p eigenvalues, leading to a sum of p logarithms of the
eigenvalues for each cluster. Those p ×m terms are analogous to the number of free parameters
in the AIC, m clusters with p dimensions give m × p parameters. An estimated covariance is
roughly proportional to the number of data used to estimate it [2, 18], which brings a slightly more
complicated dependence on the data into Eq. 11, that has some similarities to the log(n) term in
BIC for the number of data points.
Note that the sum of squares term involves
(∑
k∈Gg Γk
)
, that uses information from all mem-
bers of the cluster. As a result, clusters that minimise Eq. 11 will in general differ from clusters
that use pair-wise distance based measures. Therefore clusters that minimise Eq. 11 will typically
differ from pair-wise distance-based e.g. hierarchical clustering models.
We can use Eq. 11 to evaluate and compare the log-likelihoods of clusterings proposed for
example by heirarchical clustering methods. Alternately we can directly maximise Eq. 11 to obtain
an MLE. Because the likelihood factorises in terms of the clusters, if Metropolis MCMC were used
to generate a sample of clusters, then the change in log-likelihood at each iteration is determined
solely by the change in log-likelihood of the clusters whose membership changes.
5 A normal prior
As mentioned earlier, if we had taken a normally distributed prior for P (µg) with µg ∼ N(0,Γ−10 )
then there would be an extra term µTΓ0µ on the left side of Eq. 6, causing the
∑
i Γi terms on the
right side to be replaced by Γ0 +
∑
i Γi, with,∑
i(xi − µ)TΓi(xi − µ) + µTΓ0µ
=
(
µ− (Γ0 +∑i Γi)−1∑i Γixi)T (Γ0 +∑i Γi) (µ− (Γ0 +∑i Γi)−1∑i Γixi)
+
∑
i x
T
i Γixi −
(∑
i x
T
i Γi
)
(Γ0 +
∑
i Γi)
−1 (
∑
i Γixi)
(12)
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Noting that, ∑
i x
T
i Γixi =
∑
i x
T
i Γi (Γ0 +
∑
k Γk)
−1 (Γ0 +∑j Γj)xi
=
∑
i x
T
i Γi (Γ0 +
∑
k Γk)
−1 Γ0xi
+
∑
i,j x
T
i Γi (Γ0 +
∑
k Γk)
−1 Γjxi
(13)
and using this with Eq. 8, with Cij = Γi (Γ0 +
∑
k Γk)
−1 Γj , we get,∑
i x
T
i Γixi −
(∑
i x
T
i Γi
)
(Γ0 +
∑
k Γk)
−1 (∑
j Γjxj
)
=
∑
i x
T
i Γi (Γ0 +
∑
k Γk)
−1 Γ0xi
+1
2
∑
i,j(xi − xj)TΓi (Γ0 +
∑
k Γk)
−1 Γj(xi − xj)
(14)
The first term on the right of Eq. 14 can alternately be written in a symmetrical form with,
∑
i x
T
i Γixi −
(∑
i x
T
i Γi
)
(Γ0 +
∑
k Γk)
−1 (∑
j Γjxj
)
= 1
2
∑
i x
T
i (Γi + Γ0)
T (Γ0 +
∑
k Γk)
−1 (Γ0 + Γi)xi
−1
2
∑
i x
T
i Γ
T
i (Γ0 +
∑
k Γk)
−1 Γixi − 12
∑
i x
T
i Γ
T
0 (Γ0 +
∑
k Γk)
−1 Γ0xi
+1
2
∑
i,j(xi − xj)TΓi (Γ0 +
∑
k Γk)
−1 Γj(xi − xj)
(15)
Recalling that,
P (µg) =
1√∣∣∣2piΓ−10 ∣∣∣ exp
{
−1
2
µTg Γ0µg
}
(16)
and that there is one for each of the m clusters, then after marginalisation over each µg, the log-
likelihood will have,
log (P (G|x,Γ)) + C = −m
2
log
∣∣∣2piΓ−10 ∣∣∣− 12 ∑i log ∣∣∣2piΓ−1i ∣∣∣
+1
2
∑m
g=1 log
∣∣∣∣2pi (Γ0 +∑k∈Gg Γk)−1∣∣∣∣
−1
4
∑m
g=1
∑
i,j∈Gg(xi − xj)TΓi
(
Γ0 +
∑
k∈Gg Γk
)−1
Γj(xi − xj)
−1
2
∑m
g=1
∑
i∈Gg x
T
i Γi
(
Γ0 +
∑
k∈Gg Γk
)−1
Γ0xi
(17)
where C is a constant that ensures correct normalisation of the probability distribution.
6 Important limits
A flat prior cannot be considered as a limiting case of a normal prior with, for example, Γ−10 = σ20I
and σ20 → ∞. This can be seen from Eqs. 5 and Eq. 17. Considering Eq. 17, the first term is
−(m/2)p log(2piσ20) and tends to −∞, the 2nd term is independent of Γ0, the 3rd term tends to
log(2pi(
∑
k∈Gg Γk)
−1), the 4th term has (Γ0 +
∑
k∈Gg Γk)
−1 → (∑k∈Gg Γk)−1, and the final term
is proportional to Γ0 = I/σ20 and tends to zero. The behaviour of the 1st term that normalises the
factors of P (µg) can be understood from Eq. 5. As σ20 becomes larger, P (µg = 0) must become
increasingly small to ensure that P (µg) is correctly normalised, and there is one factor of P (µg)
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per cluster. For this example with Γ−10 = σ20I , the first term provides a penalty that is proportional
to the number of free parameters m × p. For the alternative limit with σ20 → 0, then the first and
third terms cancel, but the final term diverges at a rate proportional to 1/σ20 .
Often data without covariances are clustered. To explore this limit, take Γ−1i = σ2I and let
σ → 0. The final term diverges most rapidly (∼ 1/σ2), and has,
(xi − xj)TΓi
Γ0 + ∑
k∈Gg
Γk
−1 Γj(xi − xj)→ 1
σ2
(xi − xj)T (xi − xj)
ng
(18)
where ng is the number of items in group g. This can be written as,
−1
4
m∑
g=1
∑
i,j∈Gg
(xi−xj)TΓi
Γ0 + ∑
k∈Gg
Γk
−1 Γj(xi−xj)→ − 1
2σ2
m∑
g=1
1
2ng
∑
i,j∈Gg
(xi−xj)T (xi−xj)
(19)
showing that as the variance in the data becomes increasingly small, the log-likelihood is min-
imised by the minimum sum of within-group sum of squares.
7 Example
To illustrate the differences between minimising Eqs. 11, 17, and traditional statistical tests, hier-
archical clustering was used with the ward D2 algorithm and the Battacharyya distance to generate
clusters, and the optimum number of clusters was compared for the different approaches. For a
more traditional statistical test, consider the null hypothesis of equal means in each group. Data
from the same group g have xi ∼ N(µg,Γ−1i ), so summing over all pairs in all groups we have,
1
2
m∑
g=1
∑
i,j∈Gg
(xi − xj)t
(
Γ−1i + Γ
−1
j
)−1
(xi − xj) ∼ χ2q (20)
where q =
∑m
g=1 ng(ng−1)/2 and ng is the number of data points in cluster g, so that ng(ng−1)/2
is the number of distinct pairs of different diseases in each cluster and q is the total sum of disease
pairs. This provides a statistical test for the null hypothesis of equal means in each group, that we
can compare with the clustering results from minimising Eqs. 11 or 17.
Data {xi} were simulated by firstly sampling cluster means µg ∼ N(0, S0) and covariance
matrices {Sg} (see Appendix A for details), then sampling xi ∼ N(µg, Sg). The {xi, Sg} could
represent fitted MLEs for example. Sampled means µg were omitted unless they had a statistically
significant difference from 0 after an FDR multiple testing adjustment of a multivariate χ2 test,
using the covariance Sg of a proposed group. Noise was added to Sg, to give Si prior to clustering,
allowing tests of the sensitivity of results to noise that may exist in fitted parameters. Alternately,
we could have added noise to the Sg prior to sampling {xi}, to explore the sensitivity of results to
underlying differences in the covariances. Examples are in figure 1, with details in Appendix A.
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The simulations considered a flat prior and a normal prior with σ20 = 1. Data with 10
parameters were sampled, giving a prior estimate of E[µ2g] = 10. Examples were considered
for a high signal with E[µ2g] ' 20, and a lower signal with E[µ2g] ' 5. Clustering tended to
fall into two types depending on the signal to noise ratio, as characterised by E[µ2g]/E[x
2
i ] ∼
Tr(S0)/Tr(E[Sg]). For a high signal to noise ratio with E[µ2g]/E[x
2
i ] ' 8.0, minimising Eqs. 11
and 17 gave similar results as choosing the minimum number of groups for which P (χ2q) ≥ 0.05,
and all select a similar number of clusters to that being simulated. In all cases the flat prior had a
minimum close to the fewest clusters with p > 0.05, but the minimum is very shallow, which would
lead to very wide confidence intervals. For a lower signal to noise ratio with E[µ2g]/E[x
2
i ] ' 2.0,
all methods selected fewer clusters than were sampled, but this is much more pronounced for Eq.
17. Although the minimum in Eq. 17 tended to be for fewer clusters than the minimum of Eq. 11,
both occur near the “elbow” in χ2q , offering a less subjective form of “elbow criterion”.
8 Discussion
The results presented in Sections 4 and 5 are immediately applicable to estimated data with co-
variances, where e.g. hierarchical clustering needs an objective method to select the number of
clusters. They provide intuitively reasonable results when the data are noisy and statistical tests
are of limited use, providing a similar, but less subjective alternative to the elbow criterion.
The existence of a log-likelihood for clustering opens a range of fascinating problems. Firstly,
the log-likelihood can be maximised to determine the optimum cluster, or clusters, and coded al-
gorithms are needed to do this. Because the MLE will change by discrete amounts when elements
are placed in different clusters, gradient-based methods to find MLEs may need to be modified or
replaced. More interestingly, the existence of a likelihood for both the number and membership
of clusters allows the possibility of determining a confidence set for the maximum likelihood esti-
mate, although it may take further thought about how to use and interpret it. A first step will be to
relabel clusters to identify equivalent clusterings (obtained by permuting the order of the clusters),
e.g. we can label items 1 to n, and then order within each cluster from smallest to largest, be-
fore ordering clusters by the smallest item number in each cluster to produce a unique description
of equivalent clusterings. Confidence sets will need to be characterised to describe the similarity
between clusters, such as the number of clustered pairs common to all clusterings. Although it
is unclear how best to characterise a confidence set, it should be relatively easy to test whether a
particular clustering’s log-likelihood lies within an MLE’s 95% confidence interval.
Looking ahead, the model might be extended to clusters whose members are assumed to have
both the same mean and covariance. In the present model the covariance matrices are solely used
to assess the likelihood of having the same mean. It might be possible to evaluate the BIC exactly
for this, or other situations, and to explore the accuracy of AIC and BIC approximations.
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A Appendix - Simulation details
Using notation from the R software package, we took,
S0 = s0 ( a0 × diag(1, p) + b0 × outer( rep(1, p), rep(1, p) ) ) (21)
where p = 10 are the number of parameters in the example. Using an outer product (of positive
numbers), ensures that the covariance matrices are symmetric and positive definite. The {Sg} were
sampled by taking ui ∼ runif(p), ri ∼ runif(p), and forming,
Si = s ( a× diag(ui) + b× outer( ri, ri) ) (22)
Group means were rejected if µTg Sgµg was not statistically significant after an FDR multiple-testing
adjustment across 10,000 proposed group means. We represent estimates for {Sg} by adding noise
to the {Sg} after sampling the {xi}, by taking vi ∼ runif(p) and Si = Sg + c × mean(Sg) ×
outer(vi, vi), where mean(Sg) will give the mean value of the elements in Sg. All calculations
were done with R (www.r-project.org).
For the calculations shown, the data were sampled from clusters with sizes: 14, 14, 12, 12,
11, 11, 11, 11, 9, 9, 9, 9, 8, 8, 8, 8, 7, 7, 7, 7, 6, 6, 6, 6, 5, 5, 5, 5, 4, 4, 4, 4, 4, 4, 3, 3, 3, 3, 3, 3, 3, 3,
2, 2, 2, 2, 2, 2, 2, 2 , to give a total of 300 items and 50 clusters with a range of sizes. We sampled
10,000 potential pairs of (µg, Sg), from which to sample data for each cluster. After sampling µg
we rejected any potential pairs (µg, Sg) that were not statistically significant at the 0.05 level after
an FDR multiple testing adjustment, then calculated sample estimates for E[µ2g] and E[x
2
i ]. For the
low signal to noise case, we sampled µg with s0 = 1, a0 = 1 and b0 = 0, giving a sample estimate
of E[µ2g] ' 20.0. For lower signal, we sampled µg with s0 = 0.31, a0 = 0.09 and b0 = 0.81,
giving a sample estimate of E[µ2g] ' 4.8. When sampling Si we took s = 0.1, a = 1, and b = 6
for all cases, giving sample estimates of E[x2i ] ' 2.5 and E[x2i ] = 2.4 for high, and low, signal
to noise ratio respectively, with the small differences due to the rejection of (µg, Sg) pairs that
were not statistically significant (as just described above). To explore the influence of noise in the
covariance matrices on estimates, we took c = 0.5, leading to the last row of plots in figure 1.
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Figure 1: We clustered 300 items with 10 parameters each, from 50 clusters with between 2
and 14 items. The top row has the highest signal to noise ratio, with E[µ2g]/E[x
2
i ] = 8.0 (blue),
compared to 2.0 (red and orange). Its minimum log-likelihood coincided with the fewest clusters
with p>0.05, at 50 clusters. For lower signal to noise ratios, both methods underestimated the
number of clusters. The bottom row (orange) added noise to the covariances, with Si = Sg +
(1/2)mean(Sg)outer(u, u), and u ∼ U(0, 1), further increasing the p-value based underestimation
of the number of clusters. For all cases, the minimum log-likelihoods remain near the elbow in χ2.
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